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Abstract

We have studied the quantum dynamics of a mechanical resonator
coupled to a qubit. The resonator is a part of an optical cavity and
is driven by external laser. The quantum Langevin operator has been
derived for the Quadrature operator as well as for the fluctuation op-
erators. We have tried to diagonalize the drift matrix to calculate the
position spectrum of the resonator.

1 Introduction

Optomechanical systems can be used to study the dynamics of a mechanical
resonator. The dynamics can be influenced by the presence of qubit cou-
pled to the resonator. There are many examples of literature|l], where the
dynamical behaviour of a resonator in hybrid optomechanical systems has
been studied. In the reference[2|, we see an investigation for the generation
of entanglement between Bose-Einstein condensate(BEC) and the mirror of
a hybrid optomechanical system via the cavity optical field. Ref.[3] gave a
scheme for entangling an optical Fabry-Perot cavity and a nanomechanical
resonator beam (NRB) to a high degree by means of quantum dot. We have
tried to study here the dynamics of the resonator motion coupled to a qubit
in a hybrid optomechanical system. The optomechanical coupling is due to
radiation pressure of the optical field on the resonator, which couples the
cavity photon number with the position of the resonator (x #n ), where



x = x.7(b+ b') represent the resonator position. x.; = 1/ 52=(m is the mass

and w is the oscillation frequency of the resonator) is the zero point oscil-
lation of the resonator,l; is the phonon annihilation operator.in = a'a is the
cavity photon number operator,a is the cavity field operator.Here We place a
nanomechanical resonator(NMR)(with a quantum dot embedded on it) in an
optical cavity and drive the cavity with a strong laser of frequency w; .The
NMR motion is coupled with the cavity field due to the reason said above.
The quantum dot which is taken as a two level system is also coupled with
the cavity field.The quantum dot is coupled through strain mediation to the
motion of the resonator. This is a hybrid optomechanical system because of
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Figure 1: Nano mechanical resonator(NMR )within an optical cavity.A Quantum
dot is embedded within the cavity.A laser of frequency w; is applied to drive the
cavity field

the presence of the three different degrees of freedom namely the optical field,
the mechanical motion and the Quantum dot which is taken as a two level
system. In this case the doubly clamped nanomechanical resonator is acting
as an end mirror of this optomechanical system and the optomechanical cou-
pling is due to the change in momentum of the photons after reflection from
the end mirror.

Similar type of system has been used to entangle a cavity optical field to
a mechanical resonator by using a quantum dot|1] All the coupling can be



described clearly if we write the Hamiltonian of the system which is to be,

H = hw.a'a + 2= (P2 + Q?) + thwoo, + hia. (b + bY) + v/2hgoaTaQ+
hg.(ora+ o_a') + ihe(ale™ ™ + ae™t)
(1)

Where w, is the cavity resonance frequency,(l,, is the mechanical oscilla-
tion frequency and wy is the quantum dot transition frequency, a and af are
cavity field annihilation and creation operator.P = =% bT ,Q = b+b are the di-
mensionless momentum and position operator for the mechamcal oscillator,
b,b" phonon annihilation and creation operator.c, and o_ are the raising
and lowering operator for the dot.o, is the population difference operator for
the dot.\ is the coupling constant between the resonator and the quantum
dot. € is the driving strength. In a frame rotating with the laser frequency
w; the Hamiltonian can be written as,

H = hw S505 4 Bee (P2 4 Q2) 4 Beges \/§h>\O’ZQ + J5hgo (X2 + Y2)Q+
X+iY + O'_X zY) \/_ )FLEY
(2)

hg(o+ 72
Where, X = “\J;gT Y = “Z?/“; are amplitude and phase Quadrature of the light

field respectively.

2  Quantum Langevin Equations

The dynamics of a Quantum system coupled to its environment can be de-
scribed by the method used by Langevin[l|,where it is assumed that due
to coupling the system dynamics is effected by the Bath whereas the bath
dynamics remains almost unaffected.Several methods were developed in the
1980’s and 1990’s to extend the approach to open quantum processes and dy-
namics|2,3,4,5] motivated by the experimental progress in the field of Quan-
tum optics. The quantum langevin equation for any system operator(é) is
given by,

O = 40, Ho) = H0,dF (1) + 35[10,d], [* iyt = t)a(t)]  (3)

where the anti commutator is defined by, [A, B], = AB + BA.  is the
position operator, F(t) is the operator valued stochastic force with zero ex-
pectation value i.e. < F(t) >= 0, which is acting on the system by the
Bath.m is the mass of the system and ~ represents the damping.



Bath

A
b1
|

Fit) < ¥
Jl OS‘,fstem
(m,Q)

Now within the first Markov approximation (y(t) = v0(t)) the Langevin
equation takes the form,

JE() (4)

It is generally convenient to express the Markov Quantum langevin equation
in terms of dimensionless position operator, () = ai;%f and the dimensionless

momentum fuctuations P, (t).

~

0= %[OaHSys] +Z.\/2"7[07Q}Pm(t> (5)
where ) = €2/~ is the oscillator’s quality factor. Generally in quantum optics
and quantum Optomechanics the bath coupling rate is much smaller than
other relevant rate in the system ,in this case it is convenient to perform
rotating wave approximation.Within the rotating wave approximation the
Quantum langevin equation becomes,

A

0 = 10, Hup] ~ [0,a')(Fa — \aia() ©)

+(5a" = v7al,(1)[0,d]
Here the Bath forcing term F'(t) is replaced by the input noise operator,

aim(t) = & [7 dwe """ a_(w). Where a_(w) is the annihilation operator
for the Bath oscillator with resonance frequency w at some initial time ¢_ < t.
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3 Quantum langevin equation for the quadra-
ture operator

We have calculated the quantum langevin equation for the resonator quadra-
ture operators using equation (6). The quantum Langevin equations for the
Quadrature operators are,

. 1 k

X =AY +v29,QY + V2 + Ez’ge(o—+ —o) =5 X+ VEkXin
. 1 k

Y = —AX - V2gQX + V2 - Jplelor to) = gY 4 ViV,

Q=0,P

. T,,
P=-0,0— %(x? +Y?) = V2o, = 2P+ VTP
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Where £ is the cavity field decay rate,[',, is the mechanical damping rate,l’,
and I', are the relaxation rate and dephasing rate of the quantum dot re-
spectively.

4 Quantum Langevin Equation For The Fluc-
tuating Operators

These equations are non linear coupled differential equations. To linearize
them we can work in the steady state conditions (the steady state condition
can be verified by having negative real roots of the drift matrix A) where the
dynamics of the system can be described by the fluctuating operators which
are fluctuating around their steady state value. We write all the operators
used above as the sum of its steady state value and its fluctuations around
its classical steady state value as follows.

Q=Q,+6Q,P=P,+0P,X =X, +6X,Y =Y, +8Y, 0, =0,+00,,0_ =
os+00_,0, =0, + b0,

Where @) is the steady state value and 0Q) is the fluctuation. Similarly for



the other operators. The Langevin equations for the fluctuating operators are,

5X = ALY +V2gyY20Q + Zj%(a@ —bo_) — gax + VES X,

OY = —A10X — V290 X,0Q — j%(&mr +do_) — géY + VEdYi,

6Q = 0, 0P
5P = —0,,00Q — V290(X6X + Y,5Y) — V2A\o, — S0P + /TP,
) . 0oxX Y (X +1Y5) (Xs —1iYy), T
00, = =2ig.|(0s — 0s)—= —i(os + 0,)—= + 04— — 00 —F—] — — 00,
Je . , r
30, = iDs80 412V 200,0Q — 2\5’5(0—;5)( — i028Y + (X, — i¥.)0.) — Lo
G : , r
50 = —iAydo_i2V/2A05Q + Zjﬁ(a;ax +i038Y + (X, +i¥:)d0.) — Ldo
Where Ay = A+ \/§gOQ8, Ay = A, + 2\/§/\QS are the modified detuning
of the cavity field and the quantum dot relative to the laser light. Here (), is
the steady state displacement of the NMR.These equations can be written in
compact form as,i = Au(t) + B(t).Where u = [§X,0Y,0Q,6P,0,,0,,0_|"
and B)(t) is the noise vector given by,
B(t) = [VESXin, Vk6Yin, 0, /T o Py, 0,0,0]7. And A is the drift matrix
given by,
-5 Ay V2g0Ys 0 0 5i9 T5ig
Aq -& —V2g0Xs 0 0 ~ L R
0 0 Qo 0 0 0 0
—V290Xs —V290Ys —Qm ~Im —V2x 0 0
A - 7\/51’{]0(0'5 - O'Z) 7\/590((75 + U:) 0 0 7% *igcﬁ(xs +1iYs) 71‘90\/5(){5 —iYs)
7%1'9&2 %gccﬁ i2v/2X0 0 %igc(Xs —iYy) Ny — FT'P 0
J519¢0% J59e0% —i2v2A0 2 0 T5ige(Xs +iYs) 0 —ing - 2

Where the input noise operators 6 X;,, 0Y;, are given by,
0Xin = \/Lﬁ(éam +6al ) and 8Y;, = ﬁﬁ(&zm —éal)
with (daz,) = (6al ) = 0 and (Jay,(t)dal (t')) = 6(t — t), &(t) is the dirac
delta function.



The above equations are linear but still coupled differential equations. To
uncouple them we have to diagonalize the drift matrix A. From the diago-
nalised matrix we can easily get the value of 6Q(t).

Now the position spectrum of the NMR for its fluctuating operator is given
by,

Siasalw) = [ (GQIQO)E (4.22)
Where (§Q(t)6Q(0)) is the position auto correlation function for the fluctu-
ation operator. Integrating Ssoso(w) with respect to w will give the variance
in position i.e.

(50?) = % /_ " Ssas(w)dw (4.23)

Now this variance can be used to study its non classical properties,
(6Q?%)
(6Q5)

ggzi > 1 ; will lead to Amplifications.
0

< 1; corresponds to Squeezing

Where 6Q?% is the variance for the zero point oscillation of the resonator.

5 conclusion

We tried to study the dynamics of a mechanical resonator coupled to a quan-
tum dot within an optical cavity. We have derived the quantum Langevin
equation for the quadrature operator of the mechanical resonator and the
optical field. To linearize the derived equation we divided the quadrature
operators into the sum of fluctuation operator and its steady state value and
then calculated the langevin equation in fluctuation operators. Drift matrix
A is calculated which can be diagonalized to uncouple the equations. From
that we can calculate the position fluctuation 0Q)(¢) of the resonator.
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